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ABSTRACT 
Fringe Pattern Profilometry (FPP) is 3D surface measuring technique based on triangulation. The utilization of digital 
projection in FPP system introduces significant phase distortion for Phase Shifting Profilometry (PSP), because of the 
nonlinear response of digital video projectors, which is referred as gamma distortion. Considering that the distorted 
phase has a stable function for a reference plane, this paper proposes an approach based on inverse function shift 
estimation (IFSE) to detect the spatial shift of the distorted phase caused by object height. This spatial shift is 
independent of projector’s gamma distortion and accurate surface can be reconstructed based it. The simulation results 
show that the proposed method can almost completely eliminate gamma distortion in reconstructed surface and we 
obtain more than 5 times improvement in practical experiments. 
1. INTRODUCTION 
Optical noncontact surface measuring has been widely used in industrial archaeology, machine vision, mechanical 
engineering, etc. Fringe Pattern Profilometry (FPP) is one of the most popular measuring methods and has been 
extensively studied and various approaches are developed, such as Fourier Transform Profilometry (FTP),1-2 Phase 
Shifting Profilometry (PSP),3-4 Spatial Phase Detection (SPD)5 and Inverse Function Shift Estimation (IFSE).6 Among 
them PSP is the most widely employed one due to its high accuracy and immunity to background illumination and 
variable reflectivity.  However, it requires the projected fringe to be sinusoidal, otherwise errors arise. 
With the recent development of digital projection technology, traditional optical approaches, such as optical gratings and 
interference, have been replaced by digital projection to generate fringe patterns. Especially for PSP approaches, digital 
projection has a few key advantages, such as precise shifting control and fast projection.  However, digital projectors are 
nonlinear devices which have an inherent characteristic referred as gamma distortion. Due to the Gamma distortion, it is 
difficult to produce precise sinusoidal patterns, and distinct errors are aroused when using PSP. Previously, a lot of work 
has been done to reduce such errors. Baker et al.7 employed neural network to train waveform of captured images, but 
the method proposed increases the measuring time significantly.  Huang et al.8 proposed a double three-step PSP to 
eliminate gamma nonlinearity, which requires multiple images required.  Zhang9-10 proposed a Look Up Table (LUT) 
method to compensate gamma nonlinearity error, but the generation of a LUT requires an extra calibration board, which 
make the whole measuring procedure complicated and not automatic. Liu et al.11 established a mathematical Gamma 
model, based on which phase correction methods were proposed to improve accuracy. However, Liu’s Gamma model is 
derived without consideration of ambient light interferences. 
As an alternate effort to reduce the nonlinear distortion, Hu et al. proposed a  IFSE6 based on Generalized Analysis 
Model (GAM)12. GAM describes the fringe deformed by the object is a shifted version of that on the reference. By 
substituting the intensity value of objects into the inverse function of reference plane, the corresponding spatial shift will 
be obtained. And IFSE is one approach to build the inverse function required in GAM. Accordingly, surface can be 
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reconstructed by implementation IFSE on intensity images directly.  Different form PSP, results of this approach are not 
affected by gamma distortion and only one image is required. However, another two negative factors are not considered 
in this approach6; ambient light and reflectivity difference between reference plane and object. This severely restricts the 
application range of IFSE.  
When examining the distorted phase by PSP, it is not randomly varying but has a certain function. Motivated by this, we 
find the distorted phase satisfies the conditions of GAM. Therefore, we propose to apply IFSE calculating spatial shift 
between distorted phases, just after unwrapping the phase by PSP algorithm. Due to the features of IFSE, hight based on 
spatial shift is not impacted by the nonlinear gamma response of video projectors.  
This paper is organized as follows.  In section 2, we explained the mathematic background of the proposed method and 
how phase shift is calculated.  In section 3, we give simulation and experimental results to confirm the correctness of the 
proposed method.  Section 4 concludes this paper. 
2. PRINCIPLES 
2.1 Three-step Phase Shifting Profilometry 
Usually, FPP use a system setup as shown in Figure 1. A fringe pattern, denoted as ( , )u x y  is projected along CO . For 
the pattern only varying with respect to the coordinate x  and remaining constant on y  direction, for the sake of 
simplicity, coordinate y  is ignore in following deducing and we use ( )u x  denoting the fringe light intensity on a 
reference plane by the projector: 
 ( ) 1 cos(2 )u x fx  (1) 
where f  is the spatial frequency of the fringe on the reference plane. In the presence of an object, from the camera’s 
view, the projected fringe have a spatial shift alone x  direction, which is demonstrated as distance AB  in Figure 1. We 
refer the spatial shift as ( )x . Hence the fringe turn out to be ( ( ))u x x . 
 
Figure 1. Optical system setup 
Due to CPE  and ABE  are similar in , the fringe shift caused by object surface height ( )h x  can be represented as: 
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where D  and L  are the system parameter shown in Figure 1. To carry out PSP, three images are necessary and fringes 
projected are required to be sinusoidal. With consideration of projector’s response ( )cf u , surface reflectivity ( )A x  and 
background illumination ( )B x , the nth image intensity is as follows: 
 
( ) ( ) ( ) ( )
3
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 (3) 
Ideally, the projector’s response is supposed to be linear; for simplicity ( )cf u u . Then, we can retrieve the fringe 
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 (4) 
Note that the coordinate x  range within one period of sinusoid function in this paper, because phase wrapping problem 
is not considered here. 
When replace ( )nI x  with ( )ns x  and ( )nd x , we obtain the fringe phase for the reference plane, ( )ref x , and object 
surface, ( )obj x , respectively: 
 
( ) 2




x f x x fx x  (5) 
where ( ) 2 ( )x f x  and is the phase shift by object surface height. Then we can derive the object’s height by 











x  (6) 
2.2 Gamma distortion and shift detection 
As mentioned above, most digital video projectors are associated with gamma distortion, and their response function 
modelled as a power function with a single parameter follows: 
 ( )cf u u  (7) 
where is a positive number and usually 1 3 . Combining Eqs. (3) and (7) we have: 
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( ) ( ) ( ) ( )
3
1, 2 3




ns x A x u x B x
f
n and
nd x A x u x x B x
f
 (8) 
The nonlinear response causes a change of the projected fringes. This also results in distortions in the phases extracted by 
three-step PSP in Eq.(4). Let us use ( )x to denote the distorted phase. We can also obtain ( )ref x  and ( )obj x  by 
substituting Eqs. (8) into Eq. (4). But the difference between them, ( ) ( )ref objx x x , cannot be used in Eq. (6). 
Otherwise, notable errors are aroused as shown in Figure 2. 
 
Figure 2. Derivation of ground truth and distorted phase calculated by 3-step PSP when 2.33  and ( ) 1x . Up: 
Original phase ( )x  and shifted phase ( ( ))x x . Mid: Distorted phase ( )x and shifted one ( ( ))x x . 
Down: Shift ( )x  and calculated value in traditional approaches 
To avoid gamma distortion in PSP, we propose a method to obtain ( )x . Combining Eqs. (4) and (8), we have distorted 
phase of the reference and denote it as ( )refF x : 
 
3{[1 cos(2 2 / 3)] [1 cos(2 4 / 3)] }arctan
2[1 cos(2 )] [1 cos(2 2 / 3)] [1 cos(2 4 / 3)
( )
]ref
F x fx fx
fx fx fx
 (9) 
Similarly, the distorted phase of objects: 
 3{[1 cos(2 ( ) 2 /3)] [1 cos(2 ( ) 4 /3)] }2[1 cos(2 ( ))] [1 cos(2 ( ) 2 /3)] [1 cos(2 ( ) 4 /3)]arct( ) anobj
fx x fx x
fx x fx x fx xF x  (10) 
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Because ( )A x  and ( )B x  are all cancelled in Eq. (4), ( )objF x  satisfies the following equation. 
 ( ) ( ( ))obj refF x F x x  (11) 
This just meets the description in GAM by Hu12. Once having the inverse function of ( )refF x , we can determine the 
spatial shift, which is related to surface height, using the following equation. 
 1( ) ( ( ))ref objx x F F x  (12) 
We employ polynomial curve fitting to establish 1( )refF x . This process is described as following.   
1. Curve fitting starts from a low order, say 1k  and a maximum error me  is provided at first.  
2. Interchange distorted phase samples ( )refF x  and its corresponding coordinate x . Based on this two set of data, 
implement least squares curve fitting at kth order. A set of coefficients, kC  in Eq.(13), can be obtained. 
3. Continue to step 4, once the fitted curve satisfying a preset error me . Otherwise, 1k k  and repeat step 2 and 
step 3.  
4. The whole procedure returns a set of fitting polynomial coefficients, which stores the objective function 1( )refF x .  
 1 20 1 2( )
k
k mF x C C x C x C x e  (13) 
With an established inverse function and phase maps from three-step PSP, we can retrieve shift ( )x  by substituting the 
distorted phase values calculated by three-step PSP into Eq.(12). Height of the object based on ( )x  as Eq.(6) does not 
suffer from gamma distortion. 
3. SIMULATION AND EXPERIMENT 
In order to compare the performance of proposed method against traditional PSP, we carried out simulations on both of 
them. A triangular shape shift is added to a gamma distorted sinusoidal signal, and its phase is extracted by three-step 
PSP algorithm as shown in Figure 3. Results of the proposed approach and traditional PSP are also given in Figure 3. 
After applying IFSE, root mean square error (RMSE) of phase shift by PSP has declined from 0.1949 to 0.0008.  
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Figure 3. A cross section of simulation results, where 2.1 , ( ) -0.015 | - 20 | 0.25x x  and 10.2f mm .  Top: 
distorted phase values before and after adding shift. Mid: calculated values and true value of phase shift caused by 
the object. Bottom: comparison of errors 
The simulation results show that the shift of distorted signal can be calculated with very small errors. To verify it further, 
we apply the proposed method in practical experiments. Our experiment employs a HITACHI CP-X260 projector and a 
DuncanTech MS3100 camera (see Figure 4) to generate and capture fringe patterns respectively. And gamma parameter 
of the projector is estimated between 2 and 3. Parameters shown in Figure 1: 1442D mm  and 345L mm . A white 
triangular model is chosen as the first object. As shown in Figure 5, shift based PSP has significantly reduced the error in 
3-step PSP and RMSE drops from 0.194 to 0.034.  We also test the proposed method by measuring a more complicated 
object, a plaster cast in the shape of a hand as shown in Figure 4. Figure 6 compares results calculated in different ways. 
The reconstructed surface is much smoother by shift based three-step PSP, which confirms that the proposed method can 
successfully correct the error from gamma distortion. 
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Figure 4: a: optical instruments. b: the triangular shape object.  c: the complicated object used in experiment. 
 
 
Figure 5. Experiment results of a simple object. Top: phase values on the reference plane and the object. Mid: 
calculated values and true value of phase shift caused by the object. Bottom: comparison of errors.  
Proc. of SPIE Vol. 7855  78550W-7
Downloaded from SPIE Digital Library on 17 Feb 2011 to 130.130.37.12. Terms of Use:  http://spiedl.org/terms
 
Figure 6. Experiment results of a complicated object. Left: result of traditional 3-step PSP. Right: result of shift based 
on 3-step PSP. 
4. CONCLUSION 
In this paper, we have introduced a novel method to correct errors by Digital video projector in three-step PSP, which is 
based on calculating phase shift between a reference plane and objects.  The effectiveness of this method has been 
demonstrated by both computer simulation and experiments; the error caused by projectors’ gamma nonlinearity has 
been greatly reduced. Because we employ IFSE to calculate the phase shift, the proposed method does not require any 
additional equipment and is automatic and easy to implement. 
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